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Abstract

Hexagonal dot packing seems to offer benefits for halft
printing compared to conventional square dot packing,
little practical experience has been reported. Taking ad
tage of recent refinements in digital electrophotograp
(EP) printer technology, the authors conducted experim
on a commercially deployable system to assess whethe
potential advantages of hexagonal dot packing are econ
ically exploitable.

Introduction

Digital printing has nearly always been accomplished
round dots organized on rectangular grids. It is underst
that the improved packing efficiency of hexagonal grids
round dots would be more easily achieved than rectang
dots for rectangular grids, but evidently neither hexago
grids nor rectangular dots have generally been consid
worthwhile.

Ulichney [1] addressed halftone theory for hexago
grids. Average dot overlap can be reduced, since sm
dots can ensure 100 percent coverage for the same do
quency. In addition, as Harrington [2] noted, each dot
only six instead of eight dots with which to overlap, whi
should simplify halftone pattern analysis.

This report compares some halftones for hexagonal
packing with comparable screens for square dot pack
and demonstrates some implications for image quality, t
reproduction and halftone formation patterns. Two h
potheses are investigated for hexagonal dot packing:

• gray levels are more usefully distributed for the sa
cluster size;

• important screen frequencies and angles concen
less visually perceptible artifact energy.

An important effect inEP printers is that dots are mod
ulated by the proximity of other dots. Results will be a
alyzed for whether this proximity effect is exacerbated
attenuated by having all overlapping dots more equidist
The greater interdependency of dots in the same raster
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compared to dots on adjacent raster lines can be a c
founding effect.

Hexagonal packing was implemented on the test prin
by shifting the dot centers in alternate raster lines by h
of the dot spacing. In Ulichney’s terminology, the resultin
aspect ratio,α, was 1, while the ideal aspect ratio for roun
dots would have been2/

√
3 or 2

√
3. Neither optimizing

the dot shape and size forα = 1 nor optimizingα for the
given dot shape and size were investigated in this study.

Euclidean Screen for Square Dot Array

To create a basis for comparison, the printer was first
ercised using a conventional Euclidean spot function ge
erated for a rectangular dot array, as in Figure 1. Sin
the Euclidean halftone is well-known [3], interested rea
ers should be able to bridge from our analyses to oth
with which they may be familiar.

At viewing distances typical for letters, dot cluster
large enough to closely approximate the ideal shapes
the Euclidean spot function have a very apparent perio
structure when printed at 600 dpi.
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Figure 1. Magnified image of a coarse 0 degree Euclidean spot
function designed for square dot packing at about 42 percent
quested coverage.
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Figure 2. First quadrant of 2D FFT for 0 degree Euclidean spot
function designed for square dot packing at about 42 percent
quested coverage.
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Figure 3. Spectrograms for 0 degree Euclidean spot function de-
signed for square dot packing at about 42 percent requested c
erage.

Spectrograms allow easy correlation of periodic e
ergy with location and are particularly useful when th
energy is not uniformly distributed [4]. However, eve
though halftones were regularly periodic for the images
this study, the two-dimensionalFFT (Figure 2) still seems
to be relatively uninformative in comparison to spectr
grams (Figure 3). Consequently, spectrograms were u
for halftone frequency analysis in this study.

Spectrogram analyses were performed on 256×256
pixel gray images captured from a video camera a
StereoZoom 7 microscope. Unfortunately, this video ca
era does not have ‘square’ pixels; at lowest magnificati
the camera captures an 8 mm square area in 413×382 pix-
els. Since the 0 degree Euclidean spot function of Figur
has the same periodic structure in the vertical and horiz
tal directions, its row and column spectrograms in Figur
are nearly identical, allowing for image aspect ratio.
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The advantages of hexagonal packing should be grea

Figure4. Ontheleft: ideal two-dot-wide50percent checkerboard
bitmaps, shifted for hexagonal dot packing. On the right: mag
fied view of an actual print. A similar pattern was used to ensu
that halftone tiles for hexagonal packing were in phase with t
dot offset.

for small dot clusters associated with higher effective lin
screens. Using a threshold array composed of multi
small dot clusters, such as Lexmark’s PictureGrade, is o
technique for obtaining more gray levels while attenuati
low frequency energy. These analyses focused on sin
cluster arrays that could be aggregated for real applicatio
A threshold array designed for hexagonal dot packing w
generally need to tile without changing phase of raster li
shift and consequently needs to be an even number of ra
lines in height.

An important halftone metric is how usefully dis
tributed are gray levels for the real printer with a give
number of dots in a cluster. It was anticipated that, sin
hexagonal packing results in fewer immediate neighbo
to provokeEP dot size modulation, more light gray level
should be available.

The next part of the experiment verified microcode f
packing dots in hexagonal array, which is nearly an act
faith, since a half-dot offset is unobvious by direct obse
vation of magnified symmetric bitmap patterns. For e
ample, vertical lines printed with hexagonal dot packin
(alternate raster lines printed with one-half dot horizon
offset) were indistinguishable from vertical lines printe
with square dot packing on the same mechanism. Ho
ever, consider the bitmaps in Figure 4, of two mirror-imag
vertical 50 percent checkerboards, each two pixels wi
With hexagonal dot packing, one of the checkerboard p
terns is printed with a net one-half dot offset between ad
22
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Figure 5. Gray values for 0 degree 5×5 Euclidean spot function
designed for square dot packing, printed at 600 dpi with hexa
nal and square dot packing.

cent dots, while the other has a net 1.5 dot offset betw
adjacent dots. Through the magic of laser electropho
graphic printer technology, the resulting prints (Figure
are distinguishable from straight vertical lines to the u
aided eye primarily in that the line with net 1.5 dot offse
has reduced density. In fact, edge raggedness was co
rable for vertical straight lines printed with alternating on
half horizontal dot offsets for hexagonal dot packing a
vertical lines printed with square dot packing. Image
pert [5] edge raggedness measurements for printed ver
lines ranged from 0.010 to 0.023 mm, using the square
packing for which it was designed. Comparable meas
ments using hexagonal dot packing ranged from 0.01
0.026 mm. This was good news, because significantly
grading the quality of lines in exchange for refined halfto
performance would be an unacceptable compromise. It
is possible that taking further advantage of hexagonal
packing by reducing dot size could increase edge raggedness.

For most bitmaps printed with both square and hexa
nal dot packing, any detectable differences between p
were generally in density of high frequency patterns. Th
density changes are presumably driven by dot size mo
lation from changes in distance between dots on adja
raster lines. Unfortunately, as with vertical lines, half-d
shifts were not directly observable in magnified images
the investigated halftone patterns.

Using the threshold array designed for square dot pa
ing with the printer configured for hexagonal packi
slightly improved lighter tones for the 0 degree Euclide
screen. Horizontally shifting alternating centers of ve
cally aligned spots slightly increases the distance betw
them, which would tend to decrease the size of those sp
This effect depends on vertical cell spacing that cor
sponds to an odd number of raster lines and does not
3
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(a) square (b) hexagonal

Figure 6. Magnified images of 100lpi screens for 0 degree Eu-
clidean spot functions printed at 600 dpi.
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Figure 7. Row spectrograms for 100lpi 0 degree Euclidean spot
functions printed at 600 dpi. The square case (a) shows more fi
harmonic energy at around 0.07 normalized frequency.

eralize to dark tones or all screen angles. However, sin
dot gain and overlap typically result in a higher proportio
of dark tones than light tones, it is potentially useful. A
expected, hexagonal packing has more influence on g
rendition for small threshold arrays, such as 5×5 dots (Fig-
ure 5).

Euclidean Screen for Hexagonal Dot Array

A threshold array was then generated by the Euclidean s
function based on hexagonal dot packing geometry. F
this exercise, 6×6 clusters were used, resulting in a 10
line screen. A 6×6 Euclidean screen was also generat
for square dot packing, so that results could be direc
compared (Figure 6). A 6×6 halftone cluster provides
enough gray levels to avoid contouring on many prints, a
halftone periodicity for 100 line screens can be made vi
ble or not, by varying the distance a print is held from th
eye. A simple experiment was performed:

1. Using both screens, print a column of gray steps.

2. Overlap the pages so that both columns are visible

3. Fix on any gray level with the prints held at arm’
length.
23
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Figure 8. Gray values for 0 degree square and hexagonal Eu-
clidean spot functions, 100 lpi at 600 dpi.

Figure 9. Gradients using coarse idealized Ulichney hexagonal
screens. The upper screen is a positive spiral; a negative spira
in the middle, and a tristate halftone screen is at the bottom.

4. Move the pages closer, until halftone periodicity
just visible for that gray level on only one of the
pages.

Our results for this experiment were that the square E
clidean screen was consistently visible before the hex
onal screen. Inspection of the spectrograms suggests
the greater visibility of square Euclidean screens may
largely attributable to higher first harmonic energy (
around 0.07 normalized frequency in Figure 7).

Figure 8 shows that low dot coverage gray levels pr
lighter for hexagonal Euclidean screen than for square
clidean, as was hoped.

Ulichney Screens for Hexagonal Grids

A motivation for applying Euclidean spot function t
hexagonal packing was that it readily lent itself to dire
comparison with square dot packing. Ulichney describ
a spiral-dot screen and a tristate ordering scheme that
ter exploit hexagonal dot packing, which we implement
using 9×6 tiles (Figure 9).

Classical spiral-dot screens are designed for ink con
in offset presses, where black dots are clustered to impr
3
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Figure 10. Gray values for Ulichney hexagonal screens.
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(a) negative (b) positive

Figure 11. Spiral-dot patterns for 10/27 black dotsat 600dpi.

ink flow control. Laser printers, on the other hand, tend
have more problems with isolated unprinted clusters, s
negative spiral-dot screen produced a better distribution
gray levels, as can be ascertained from Figure 10.

Spiral-dot screens (Figure 11) are different in the v
tical and horizontal directions, and their vertical and ho
izontal spectrograms (Figure 12) are also dissimilar. T
spectrograms for negative spiral-dot (not shown) are ne
identical to Figure 12.

Inflection points can be observed in middle grays
lightness plots for both Euclidean (Figure 8) and Ulic
ney (Figure 10) screens, because the dot clusters abru
connect and increase in size. This can be addressed b
creasing the number of clusters in a tile and sequencing
threshold values among clusters, so that connections o
over a wider range of gray values. This refinement was
attempted for this study. For example, the 9×6 tiles used
for Ulichney patterns each only had 27 different thresho
values.

Conclusions

Using two versions of microcode, a single electroph
tographic printer was configured for either hexagonal
24
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Figure 12. Spectrogramsof a positivespiral-dot screen.
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(a) printed halftone (b) spectrogram

Figure 13. Tristateordering scheme.

square dot packing at 600 dpi. Consequently, practic
all differences in prints could be attributed to this sing
change. Hexagonal dot packing yielded subtle but us
improvements in gray level distribution. Spatial artifac
for Euclidean screens based on square dot packing w
32
e

consistently apparent at slightly greater distances than
comparable screens for hexagonal packing. Interestin
screens designed for hexagonal packing conferred s
of these improvements even when printed with square
packing. Among the Ulichney patterns for hexagonal
packing, spatial artifacts were more visible inEP prints
made with spiral-dot screens than the tristate screen (
ure 13), which also had a better distribution of dark g
levels. Negative spiral-dot had better distribution of gr
levels than positive spiral-dot screen, which is presuma
at a disadvantage inEP printing because dot overlap to
quickly fills in the nearly concentric white space arou
black dot clusters. Additional experiments with rotat
Ulichney hexagonal patterns may be worthwhile.
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